Abstract. A canonically fibered surface is a surface whose canonical series maps it to a curve. Using Miyaoka-Yau inequality, A. Beauville proved that a canonically fibered surface has relative genus at most 5 when its geometric genus is sufficiently large. G. Xiao further conjectured that the relative genus cannot exceed 4. We give a proof of this conjecture.
1. Introduction
Statement of the Result.
A dominant rational map f : X Y between two projective varieties X and Y is a canonical fibration if it is given by the canonical series |K X | of X; more precisely, f is a dominant rational map factored through by X PH 0 (K X ) ∨ . Now let us consider a canonical fibration f : X C, where C1. X and C are irreducible, smooth and projective over C of dimension dim X = 2 and dim C = 1, respectively, C2. X is of general type and C3. |K X | = f * D for a base point free (bpf) linear series D on C that maps C birationally onto its image. We call such f : X C a canonically fibered surface. Using MiyaokaYau inequality, A. Beauville proved that the general fibers of f are curves of genus ≤ 5 when the geometric genus p g (X) = h 0 (K X ) of X is sufficiently large. There are infinitely many families of canonically fibered surfaces of relative genus 2 and 3 [S] . On the other hand, G. Xiao conjectured [X] Conjecture 1.1 (Xiao) . Let f : X C be a canonically fibered surface. Then X p = f −1 (p) is a curve of genus ≤ 4 for a general point p ∈ C when p g (X) >> 1.
In other words, canonically fibered surfaces of relative genus 5 are conjectured to have bounded families. The purpose of this note is to settle the conjecture in the affirmative. More precisely, we will prove Theorem 1.2. Let f : X C be a canonically fibered surface. Then the general fibers of f cannot be curves of genus 5 if p g (X) ≥ 1952 or g(C) ≥ 1.
1.2. Outline of Our Proof. Here is a sketch of our proof.
In the case that a general fiber X p of f has genus 5, which we called the extreme case, we know that
• C is either rational or elliptic (see Theorem 2.1).
• K X = f * D + 8Γ + V , where 8Γ + V is the fixed part, D is a bpf divisor on C, f * V = 0 and Γ is a section of f (see (3.4)); one of the key facts is that Γ 2 has a lower bound given by (3.5), which is asymptotically (1.1) lim
≥ − 1 8 .
• The pushforward f * ω f of the dualizing sheaf of f splits in a "highly unbalanced" way (see (2.4)). Another key fact, due to X.T. Sun [S] , is that a general fiber of f is not hyperelliptic. A non-hyperelliptic curve F of genus 5 has a "nice" canonical model: it is mapped to P 4 by |K F | with the image being the complete intersection of three quadrics. Naturally, we may consider the map (1.2) κ :
by ω f ⊗ f * G for a sufficiently ample line bundle G on C, which simply maps X/C fiberwise to P 4 by the canonical series. Sun's theorem tells us that κ maps X birationally onto its image κ(X) and we call κ(X) a relative canonical model of X over C. Indeed, P(f * ω f ) ∨ in the above construction can be replaced by P(f * L) ∨ for any line bundle L on X satisfying
at a general point p ∈ C. It turns out that
is the best choice of L for our purpose, where Γ is the section of f given as above. We call the image Y = τ (X) under τ : X W = P(f * L) ∨ a pseudo relative canonical model of X over C.
Compared to κ(X), Y might have worse singularities. But τ and Y have some nice properties:
• τ is regular;
• Y is normal and Gorenstein;
• τ maps Γ to a section Γ Y of Y /C and Γ 2 = Γ 2 Y . These properties, among other things, allow us to give an upper bound (5.22) for Γ 2 , which turns out asymptotically (1.5) lim pg(X)→∞ Γ 2 p g (X) ≤ − 47 368
and consequently contradicts (1.1), and thus conclude Theorem 1.2. The paper is organized as follows. In §2 and §3, we review the known facts about canonically fibered surfaces in general and those of relative genus 5. Most of these results were due to A. Beauville and G. Xiao and no originality is pretended on our part. Our proof of Theorem 1.2 starts in §4, where we construct the pseudo relative canonical model of X/C as described above. And we complete our proof in §5.
Convention. We work exclusively over C and with analytic topology wherever possible.
Basic Setup
Here we review some basic facts on canonically fibered surfaces. After replacing X by one of its birational models, we may further assume that C4. f is regular and C5. K X is relatively nef over C. We write K X as the sum of its moving part and fixed part. It is easy to deduce from our hypotheses that its moving part is the pull back of a divisor on C. Namely, we have (2.1)
where D ∈ Pic(C) is a bpf divisor on C and N is an effective divisor on X.
Since |K X | = f * D and D ⊂ |D|,
and hence D = |D|. Clearly,
for a general point p of C and
Combining the above discussion with the well-known fact that the pushforward f * ω f of the dualizing sheaf ω f of f is semi-positive on C [F] , we can prove that C is a curve of genus g(C) ≤ 1 and X p is connected.
Theorem 2.1 (Xiao). Let f : X C be a canonically fibered surface. Then
, C is either rational or elliptic;
• f has connected fibers if p g (X) ≥ 3 or g(C) ≥ 1. In addition, if f is regular, then
C is semi-positive.
More explicitly, M is in the form of (2.5)
for some −2 ≤ a 1 , a 2 , ..., a m ≤ −1 when C ∼ = P 1 and (2.6)
Proof of Theorem 2.1. Obviously, we may assume that f is regular. Let L be the subbundle of f * K X generated by its global sections. By (2.3),
for p ∈ C general and hence the global sections of f * K X generate a vector space of dimension 1 at a general point p ∈ C. That is, L is a line bundle. Thus, we have a line bundle L such that
On the other hand, (2.10)
where r is the rank of f * ω f . It follows that g(C) ≤ 2 and the equality holds only if r = h 0 (f * K X ) = 2. On the other hand, since |D| maps C birationally onto its image, h 0 (K X ) ≥ 3 by (2.2) when g(C) ≥ 1. Consequently, g(C) ≤ 1 and hence
must split and give us (2.4). Finally, to show that f has connected fibers, we apply Stein factorization to X/C in
is not connected, where B is a smooth projective curve, ρ : X → B has connected fibers and ν is a finite map of degree deg ν > 1. Using the semipositivity of ρ * ω X/B , we again obtain that g(B) ≤ 2 and the equality holds
and hence h 0 (K X ) ≥ 3 by our hypotheses. Consequently, 1 ≥ g(B) ≥ g(C).
In addition, we have (2.14)
for d ≥ 2. This contradicts (2.11) and hence f has connected fibers.
Miyaoka-Yau inequality ( [M] and [Y] ) says that
by (2.1), we conclude that
The right hand side (RHS) of (2.18) can be bounded from below as follows.
We call a component Γ of N vertical if f * Γ = 0 and horizontal otherwise. We write (2.19)
where V is the union of vertical components of N , A is the union of the horizontal components Γ of N satisfying Γ 2 ≥ 0, B is the union of the components Γ of
Clearly, K X V ≥ 0 by our hypotheses on X. Since each component Γ ⊂ A is nef, A is nef. And since K X is effective, K X A ≥ 0. In conclusion, we have (2.20)
Also we notice that K X Γ = Γ 2 = −1 for all components Γ ⊂ E. Therefore,
where µ Γ is the multiplicity of the component Γ in N . For a horizontal component Γ of N , we have
where m Γ = ΓF satisfies
Therefore,
for every component Γ ⊂ E and hence
Combining (2.18), (2.21) and (2.25), we obtain (2.26)
Then it is elementary to check that deg
Analysis of the Extreme Case
Now let us consider the extreme case that C6. a general fiber F of f is a smooth projective curve of genus 5 and C7. p g (X) >> 1.
Of course, we want to show that there are no canonically fibered surfaces satisfying C1-C7. Assuming such fibration exists, we will collect all the known facts on such f : X → C.
Let us do a more precise estimate of K X N . By (2.22), we have
for a component Γ ⊂ B and E = 0 as long as d ≥ 8 or g(C) ≥ 1 by (2.25). It follows that
Then it is not hard to see that (2.18) forces that A = 0 and B = 8Γ with Γ a section of f , provided that d ≥ 84 or g(C) ≥ 1. Therefore,
where f * V = 0 and Γ is a section of f . We can bound Γ 2 by (3.5)
using (2.18).
Theorem 3.1 (Xiao) . If f : X → C is a canonically fibered surface satisfying C1-C6 and either p g (X) ≥ 85 or g(C) ≥ 1, then K X is given by (3.4) with Γ a section of f satisfying (3.5).
Here we consider ΓV as the "correction term" in Γ 2 which is roughly between −d/8 and −d/9. It is bounded by
Intersections of Three Quadrics
4.1. A Pseudo Relative Canonical Model of X/C. As outlined in §1, we consider the rational map
More precisely, the map (4.1) is given by |L ⊗ f * G| for a sufficiently ample line bundle G on C, which first maps
If the general fibers F of f are hyperelliptic, τ maps X generically 2-to-1 onto its image. Fortunately, this possibility has been ruled out by a result of X.T. Sun [S] :
Theorem 4.1 (Sun) . If f : X → C is a canonically fibered surface satisfying C1-C6 and either p g (X) ≥ 53 or g(C) ≥ 1, then the general fibers of f are not hyperelliptic.
Thus, τ sends X birationally onto its image. Let us study its image, more precisely, the proper transform Y = τ (X) of X under τ . We consider Y /C as a pseudo relative canonical model of X/C.
The classical Noether's theorem tells us that the canonical image of a non-hyperelliptic curve F of genus 5 under (4.4) is the intersection of three quadrics. Indeed, we have the exact sequence
where I F is the ideal sheaf of the image of F in P 4 ; it follows that
Namely, the image F of under the canonical map (4.4) is cut out by three quadrics in P 4 . The family version of (4.5) becomes
Note that (4.7) is only left exact; the map Sym
is generically surjective by Sun's theorem 4.1 and hence its kernel Q is a vector bundle of rank 3 over C. In addition, since f * (L ⊗ 2 ) is torsion-free, we have an injection
Thus Q p can be regarded as a subspace of H 0 (I F (2)) of dimension 3 for every fiber F = X p . In other words, Q p is a net (2-dimensional linear series) of quadrics passing through Y p . Note that Y p is contained in the base locus Bs(Q p ) of Q p but it is not necessarily true that
for every p ∈ C; (4.9) holds, a priori, only for a general point p ∈ C. We may regard Q as a subbundle of
is the projection and O W (1) is the tautological bundle. Thus,
We abuse notation a little by using Bs(Q ⊗ G) to denote the base locus of
Namely, Z is the closed subscheme of W whose fiber Z p is the intersection of the three quadrics generating Q p over each p ∈ C. It is also obvious that Z = Bs(Q ⊗ G) for a sufficiently ample line bundle G on C. Clearly, Y ⊂ Z. Indeed, it is easy to see that Y is the only irreducible component of Z that is flat over C; the other irreducible components of Z, if any, must be supported in some fibers W p of W over C. However, it is not clear whether dim Z = 2 and whether Z has components other than Y . The following theorem answers these questions. Theorem 4.2. Let f : X → C be a flat family of curves of genus 5 over a smooth curve C with X smooth and X p = f −1 (p) non-hyperelliptic for p ∈ C general and let L be an effective line bundle on X with Λ ∈ |L| satisfying
• (1.3) holds for p ∈ C general, • Λ ∩ X p is a finite set of points lying on a unique component B p of X p for each p ∈ C, and • X p is smooth at each point in Λ ∩ X p for all p ∈ C. Let τ , W , Q, Y and Z be defined as above. Then
• τ is regular and τ * E = 0 for all components E = B p of X p and all p ∈ C.
• Z is a local complete intersection (l.c.i) of pure dimension 2.
• Y is the only irreducible component of Z that is flat over C.
• Every quadric of Q p has rank ≥ 3 for all p ∈ C, where the rank of a quadric in P N is the rank of its defining equation as a quadratic form.
• dim(Z ∩ W p ) = 2, i.e., Z has an irreducible component contained in W p if and only if Bs(Q p ) is a cone over a smooth rational cubic curve in P 4 .
• For each p ∈ C, τ maps the component B p either birationally onto a curve of degree 8 and arithmetic genus 5 or 2-to-1 onto a rational normal curve in P 4 . • Y p is integral (reduced and irreducible) for all p ∈ C and Y p ∼ = Y p if and only if τ maps B p birationally onto its image τ (B p ), where
For starters, it is obvious that τ is regular outside of Λ and it contracts all curves E ⊂ X satisfying E.Λ = 0 and hence contracts all components of X p other than B p . To show that τ is regular everywhere, we make two key observations regarding τ (B p ):
for all hyperplanes P of P 4 and
where p a (A) is the arithmetic genus of a curve A. The first observation (4.12) is a consequence of the following lemma.
A Lemma on Fibrations of Curves.
Lemma 4.3. Let f : X → C be a flat projective morphism with connected fibers from a smooth variety X to a smooth curve C. Let D, E and G be effective divisors on X such that
Proof. It suffices to show that the map (4.14)
is zero. This is obvious if F is reduced since H 0 (O J ) = C for all reduced connected components J of E and hence
Although the lemma holds for fibrations of all dimensions, it is a statement on fibrations of curves in essence. Indeed, by cutting down X by the sections of a sufficiently ample line bundle, we can reduce it to the case dim X = 2.
We write
where µ Γ is the multiplicity of an irreducible component Γ in F . And we let
And since supp(D) ⊂ supp(E), there is at least one irreducible component Γ of F with a Γ ≥ µ Γ . Our purpose, of course, is to show that a Γ ≥ µ Γ for all Γ. For each Γ, we have the exact sequence
where
is the ideal sheaf of Γ. By (4.17) and (4.18),
and hence there is a section
does not vanish. That is, s vanishes to the order exactly a Γ along Γ. Therefore, s gives a nonzero section in
by (4.19). Thus, G − A is effective on Γ and hence
We have shown that a Γ ≥ µ Γ for at least one Γ and hence M, M ′ = 0.
Clearly, Γ ⊂ E for all irreducible components Γ ⊂ N ′ . Therefore, GΓ = 0 for all Γ ⊂ N ′ . Combining this with (4.23), we obtain 
where D = B p and F = X p . Therefore, we have the diagram (4.27)
from which we conclude that the map
And since τ (B p ) is irreducible, Q p does not contain a quadric of rank ≤ 2, i.e., the union of two hyperplanes. This implies that every member of Q p has rank ≥ 3, a general member of Q p has rank ≥ 4 and Q p contains at most finitely many quadrics of rank 3. Thus, dim Bs(Q p ) ≤ 2 for all p ∈ C. At a general point p ∈ C where X p is a smooth non-hyperelliptic curve, we know that
Consequently, Z has pure dimension 2, Y is the only component of Z flat over C and Z has a component supported in W p precisely at the points p where dim Bs(Q p ) "jumps". The following lemma tells us exactly how three linearly independent quadrics fail to meet properly.
Lemma 4.4. Let Q ⊂ PH 0 (O P n (2)) be a net of quadrics in P n . If the base locus Bs(Q) of Q has dimension > n − 3, i.e., the three quadrics generating Q fail to meet properly, then one of the following holds • every quadric Q ∈ Q has rank ≤ 4 or • Q contains a pencil of quadrics of rank ≤ 2.
Proof. Suppose that a general quadric of Q has rank ≥ 5 and Q is generated by Q, Q ′ and Q ′′ with rank(Q)
It follows that Q contains a pencil of quadrics of rank ≤ 2.
By the lemma, we see that dim Bs(Q p ) = 2 only if either every quadrics of Q p has rank ≤ 4 or Q p has a quadric of rank ≤ 2. We have eliminated the latter by (4.12). This leaves us the former: every quadric of Q p is a cone of a common vertex over a quadric in some P ∼ = P 3 ⊂ P 4 . It is not hard to see further that Bs(Q p ) is a cone over a rational normal curve, i.e., a smooth rational cubic curve in P .
Since τ (B p ) is non-degenerate in P 4 , it has degree at least 4. Therefore, τ maps B p either birationally or 2-to-1 onto to τ (B p ). If it is the latter, τ (B p ) must have degree 4 and hence it is a rational normal curve in P 4 .
Suppose that τ maps B p birationally onto J = τ (B p ) ⊂ P 4 . Let us first justify (4.13), i.e., show that
This follows from the following lemma.
Lemma 4.5. Let X and Y be two surfaces proper and flat over the unit disk ∆ = {|t| < 1} with X t and Y t smooth and irreducible for t = 0. Let τ : X Y be a birational map with the diagram
• τ is regular on X\Σ for a finite set Σ of points on X 0 ,
Proof. WLOG, we may assume that both X and Y are normal.
Let E ⊂ Y 0 be the exceptional locus of τ −1 over Σ. More precisely, After a base change, we can find X and Y with the diagram
and the properties that
• f, g and τ are birational and proper maps inducing isomorphisms
analytic open neighborhoods U Σ ⊂ X and V E ⊂ Y of Σ and E, respectively. Since X 0 is smooth at each x ∈ Σ, f −1 (x) must be a tree of smooth rational curves meeting I transversely at one point, where I is the proper transform of the component I containing x under f . Consequently,
is a disjoint union of trees of smooth rational curves, each meeting J transversely at one point, where J is the proper transform of J under g. Therefore,
This proves (4.29). Let us consider the Hilbert polynomial
and hence
by (4.29); it follows that δ ≥ 8. Suppose that dim R = 2. We have proved that R is a cone over a smooth rational cubic curve. Let ν : F 3 ∼ = R → R be the blowup of R at the vertex of the cone. Then
for n >> 1 and hence
where I J is the ideal sheaf of J in R, O R (1) = ν * O R (1) is the pullback of the hyperplane bundle and J ⊂ R is the proper transform of J. Therefore, we must have δ ≥ 8 by (4.29) again.
Therefore, deg J = 8 when τ maps B p birationally onto J. We also proved in the above argument that p a (J) = 5.
In conclusion, τ maps B p either birationally onto a curve of degree 8 and arithmetic genus 5 or 2-to-1 onto a rational normal curve of degree 4. This implies that τ (B p ) is the only component of dimension 1 in Y p and hence τ is regular along X p . Therefore, τ is regular everywhere.
When τ maps B p birationally onto a curve J. Since deg J = 8 and p a (J) = 5, we necessarily have
Since X p is smooth at Λ∩X p , X p ∼ = Y p for p ∈ C general and Y p is reduced for all p ∈ C, we conclude that ν −1 • τ is a local isomorphism along Λ.
This finishes the proof of Theorem 4.2.
4.4. Normality of Y . So far we have only made use of the fact that there exists Λ ∈ |L| which is a multi-section of f and meets each fiber at the smooth points of a unique component of that fiber. We can certainly say more about Y when Λ = 8Γ with Γ a section of f .
Theorem 4.6. In addition to the hypotheses of Theorem 4.2, we further assume that Λ = 8Γ with Γ a section of f . Then Y is normal.
By Theorem 4.2, Y being normal is equivalent to saying that τ maps B p birationally onto Y p for every p ∈ C. Namely, it excludes the cases that τ maps B p 2-to-1 onto a rational normal curve in P 4 . The implication of this statement is somewhat surprising: the family X/C does not have any hyperelliptic fibers. One can compare this with Sun's theorem which says that the general fibers of X/C are not hyperelliptic. If we let M 5 be the moduli space of curves of genus 5 and U be the subvariety of M 5 consisting of curves F with the property that K F = O F (8q) for some q ∈ F , then U has codimension 3 in M 5 and contains the hyperelliptic locus U e as an "isolated" component in the sense that U e is disjoint from the other components of U .
We abuse the notation a little by using Λ to also denote the member of |O W (1)| corresponding to 8Γ ∈ |L|. On each fiber W p , Λ is a hyperplane meeting Y p properly at a unique point with multiplicity 8 by Theorem 4.2. Likewise, ν −1 (Λ) meets each fiber Y p at a unique point. This results in two sections Γ Y and Γ Y of Y /C and Y /C, respectively, with the properties that (4.37)
Suppose that τ maps B p 2-to-1 onto its image, i.e., ν maps Y p 2-to-1 onto its image for some p ∈ C. Let q = Γ Y ∩ Y p and q = Γ Y ∩ Y p . Also by Theorem 4.2, Y p is smooth at q. And since ν −1 (q) = { q}, ν is ramified at q.
In summary, we have the following facts regarding Y and Y locally at q and q: 
This shows that Y is normal.
Multiplicities of Cubic Cones in Z.
We have shown that Z ⊂ W is the union of Y and cones over a smooth rational cubic curve, which we call cubic cones, contained in the fibers W p . Therefore,
where S p is a cubic cone contained in W p and δ p is its multiplicity in Z (let δ p = 0 and S p = ∅ if such S p does not exist). The multiplicity δ p has a nice algebraic interpretation.
Definition 4.7. Let E be a vector bundle of rank n over a variety C and
, the discriminant locus D s ⊂ C of s is the vanishing locus of the determinant det(s) of s, considered as a section in
where π is the projection W → C and L is a line bundle on C. Obviously, D s ∈ |2c 1 (E) + nL|.
Our purpose is twofold: first, we will show that δ p is the multiplicity of the discriminant locus of a general member of Q at p; second, we will describe the type of singularity Y has at the vertex of each cubic cone S p , which depends on δ p as we will see.
Theorem 4.8. Under the same hypotheses of Theorem 4.6, • δ p is determined by
for all p ∈ C, where D s ⊂ C is the discriminant locus of s defined as above and mult p (D s ) is the multiplicity of D s at p.
• Y is a l.c.i and hence Gorenstein.
• If S p = ∅, Y has a singularity at the vertex of the cone S p of type
where t is the local parameter of C at p.
The problem is obviously local: we just have to study W, X, Y, Z and Q over an open neighborhood of p ∈ C. Thus, it suffices to prove the following:
Lemma 4.9. Let W = P 4 × ∆, Q be a subbundle of π * O W (2) of rank 3 and Z = Bs(Q), where ∆ = {|t| < 1}, π is the projection W → ∆, O W (1) is the pullback of O P 4 (1) and Bs(Q) is the base locus of H 0 (Q) as a subspace of H 0 (O W (2)). Suppose that
• Z t = Bs(Q t ) is a smooth curve for t = 0;
• Z = Y + δS, where S = Bs(Q 0 ) is a cubic cone, δ is the multiplicity of S in Z and Y is the irreducible component of Z flat over ∆; • Y 0 is not contained in a union of lines on S passing through its vertex.
• If Y 0 is reduced, Y has a singularity at the vertex of the cone S of type {y 2 = g(x, t)} ⊂ ∆ 3 xyt with g(x, t) ∈ C[[x, t]] satisfying (4.46) g(x, 0) ≡ 0, g(0, t) = t δ and ∂g ∂x x=0 ≡ 0.
Proof. Let Q 1 and Q 2 be two general members of H 0 (Q) and let V = Q 1 ∩Q 2 . It is easy to see that V 0 = S ∪ T , where T ∼ = P 2 is a 2-plane meeting S along two distinct lines passing through the vertex q of S. Since V t is smooth for t = 0 and S and T meet transversely outside of q, V is a 3-fold locally given by xy = t m in ∆ 4 xyzt at a general point of S ∩ T , where m ∈ Z + is a constant on each line in S ∩ T . As Q 1 and Q 2 vary, T varies and the corresponding monodromy action on the two lines in S ∩ T is transitive. Therefore, m remains constant at general points of S ∩ T . Thus, V is Q-factorial outside of finitely many points on S ∩ T . More precisely, there exists Σ ⊂ S ∩ T such that dim Σ = 0 and CH 1 (V \Σ) is generated by Λ and S, where Λ is the hyperplane divisor and aΛ + bS is Cartier on V \Σ if and only if a ∈ Z and b ∈ mZ.
Clearly, Z ∼ rat 2Λ and hence (4.47)
. And since Y 0 ⊂ S, Y meets T at finitely many points and hence Y.T = 0. Indeed, although we do not need it, it is not hard to see that Σ is precisely Y ∩ T . In any event, we can conclude that m = δ by (4.48).
In addition, Y is Cartier on V \Σ by (4.47) since m|δ. Therefore, Y \Σ is a l.c.i. Recall that Q 1 and Q 2 are two general members of H 0 (Q) and Σ is a set of finitely many points on S ∩ T . As Q 1 and Q 2 vary, T varies and it cuts out on S a linear system of two lines S ∩ T with the only base point q. Therefore, we conclude that Y is a l.c.i outside of the vertex q.
Let W be parameterized by (w 0 , w 1 , w 2 , w 3 , w 4 , t) with (w 0 , w 1 , w 2 , w 3 , w 4 ) the homogeneous coordinates of P 4 . Obviously, we may choose the vertex q of S to be (1, 0, 0, 0, 0, 0). Furthermore, we claim that for a suitable choice of coordinates, or equivalently, after applying a suitable automorphism in Aut(W/∆) to W , every s ∈ H 0 (Q) is given by s = s(w 0 , w 1 , w 2 , w 3 , w 4 , t) satisfying And since a general quadric in H 0 (Q 0 ) has a unique singularity at q, we conclude that every quadric in H 0 (Q) ⊗ C[t]/(t µ ) has a singularity at (1, q 1 (t), q 2 (t), q 3 (t), q 4 (t)) for some q k (t) ∈ C[t] satisfying q k (0) = 0. Then applying the automorphism in Aut(W/∆) sending (w 0 , w 1 , w 2 , w 3 , w 4 , t)
→ (w 0 , w 1 − q 1 (t)w 0 , w 2 − q 2 (t)w 0 , w 3 − q 3 (t)w 0 , w 4 − q 4 (t)w 0 , t), (4.50) we see that every quadric in H 0 (Q) ⊗ C[t]/(t µ ) is singular at (1, 0, 0, 0, 0) and thus (4.49) holds.
We can make everything more explicit by choosing S to be the cone where w = (w 0 , w 1 , w 2 , w 3 , w 4 ). Note that S is the cone in P 4 over the cubic rational normal curve (0, 1, x, x 2 , x 3 ) with vertex at (1, 0, 0, 0, 0). Furthermore, after an automorphism of W/∆, we may assume s 1 to be (4.53) s 1 (w, t) = w 1 w 4 − w 2 w 3 + t µ w 2 0 . Note that w 1 w 4 − w 2 w 3 , w 2 2 − w 1 w 3 and w 2 3 − w 2 w 4 generate H 0 (I S (2)) with syzygy relations w 2 (w 1 w 4 − w 2 w 3 ) + w 3 (w .54) where I S is the ideal sheaf of S in P 4 . In addition, we have a surjection
for some m ∈ Z + , ε 1 , ε 2 ∈ H 0 (I Z (3)) and f 1 , f 2 ∈ H 0 (O W (3)) satisfying that f 1 (w, 0) and f 2 (w, 0) do not both vanish when restricted to S, where I Z is the ideal sheaf of Z in W .
Obviously,
In addition, it is easy to see that m is exactly the multiplicity of S in Z, i.e., m = δ. It is not hard to see that m ≤ µ by (4.53). Therefore,
where h 1 (w), h 2 (w) and h 3 (w) are quadratic forms in w, 
We observe that the Jacobian 
has rank 2 at q. Therefore, using implicit function theorem, we see that Y ′ is locally given by {y 2 = g(x, t)} ⊂ ∆ 3 xyt at q with g( 
by (2.2) and (3.4). Thus, combining with (2.4), we see that
where A is a vector bundle of rank 4 on C satisfying that
Clearly,
and (5.5)
where π is the projection W → C. The ideal sheaf I Z of Z ⊂ W can be resolved by the Koszul complex
It follows that
in CH 2 (W ) and
where N Z is the normal sheaf of Z in W .
Intersection Number
where the intersection number Γ 2 Y is taken in Y . We need to figure out Λ 2 Y . By (4.41),
Combining (5.4), (5.7), (5.10) and (5.11), we obtain 
At a smooth point of Y p , Z is locally given by yt δp = 0 in ∆ 3 xyt with Y = {y = 0} and S p = {t = 0}. Therefore,
where π Y is the projection Y → C. 
(5.15)
Combining (5.12) and (5.15), we reach the following crucial identity
Next, we claim that
where F is a general fiber of f and χ(X), χ(F ) and χ(C) are the (topological) Euler characteristics of X, F and C, respectively. The left hand side (LHS) of (5.17) measures, roughly, how far X is from a smooth fibration; clearly, χ(X) = χ(F )χ(C) if every fiber of f is smooth.
Let us first see how to derive our main theorem from (5.16) and (5.17). Using (2.16) and (3.4), we obtain
(5.18) Therefore, we conclude
by (5.17). Thus, (5.16) and (5.19) give us an upper bound for Γ 2 in (5.20)
The fact that H 0 (A(D)) = 0 implies that
by Riemann-Roch. Consequently,
by (3.6). Combining with (3.5), we have
which fails for d > 1950χ(O C ). This proves Theorem 1.2, provided that (5.17) holds. The rest of the paper will be devoted to the proof of (5.17).
5.5. Regarding ΓV . Before we explain where (5.17) comes from, let us first try to understand the term ΓV . We claim that ΓV is determined by the discrepancies of the map τ Y : X → Y . We have
where D Y is the divisor on C defined in (5.14), E runs over all exceptional divisors of τ and a(E, Y ) is the discrepancy of E with respect to Y . For each fiber X p , we let b p be the smallest rational number such that the divisor
is Q-effective. Clearly, b p = 0 at a general point p ∈ C and when a(E, Y ) ≥ 0 for all E ⊂ X p , i.e., Y has at worst canonical singularities along Y p . More explicitly, b p is simply given by
where mult E (X p ) is the multiplicity of the component E in X p .
We can put (5.24) in the form
Obviously, either side of (5.27) is a Zariski decomposition of the same divisor. By the uniqueness of Zariski decomposition, we conclude that
And since ΓE = 0 for all exceptional divisors E of τ , we have 5.6. Moduli Invariants. If f : X → C is semistable, the LHS of (5.17) is given by the moduli invariants c 1 (f * ω f ) and
η is the total number of nodes of the singular fibers of f . This follows from Grothendieck-Riemann-Roch and the exact sequence
where Σ ⊂ X is the subscheme of the nodes of the singular fibers of f . We want to generalize (5.30) to fibrations f : X → C of curves with the only hypotheses that both X and C are smooth and projective. Of course, we can still define η to be the LHS of (5.30). The point here is to understand how the singular loci of the fibers of f contribute to η.
Basically, we need to figure out how to amend the exact sequence (5.31) when X/C is not necessarily semistable. The trouble here is, of course, that X p might be nonreduced for some p. In case that X/C has reduced fibers, (5.31) continues to hold with Σ being the subscheme supported at the singularities of X p and locally defined by the Jacobian ideal at each singular point. More precisely, if X is locally given by g(x, y) = t at q ∈ X, Σ is locally cut out by ∂g/∂x = ∂g/∂y = 0, where t is the local parameter of the base C. Thus, a node of X p at q (i.e. g(x, y) = xy) contributes 1 to η, a cusp of X p at q (i.e. g(x, y) = x 2 − y 3 ) contributes 2 to η and so on.
Let us first see how to define the map Ω X → ω f in general. For a vector bundle (or just a coherent sheaf) E over X, we always has a map
after fixing a section s ∈ H 0 (E). The natural map f * Ω C → Ω X gives rise to a section of Ω X ⊗(f * Ω C ) ∨ and thus induces a map
Therefore, we have the exact sequence
as a generalization of (5.31), where an easy local study shows that L = ker(ρ) is a line bundle on X and Σ is the subscheme of X defined by the Jacobian ideals of X p as above. More explicitly, if we let Σ = Σ 0 ∪ Σ 1 with Σ 0 of pure dimension 0 and Σ 1 of pure dimension 1, then
where G runs over all irreducible components of X p for all p and (X p ) red is the largest reduced subscheme supported on X p . Taking Chern characters of (5.34), we obtain
by restricting (5.36) to H 4 (X).
Definition 5.1. Let G be an effective divisor on a smooth surface X. Then the η-invariant of G is
where g(x, y) and g red (x, y) are the local defining equations of G and G red at q, respectively, i.e.,
We can summarize our previous discussion in the following proposition:
Proposition 5.2. Let f : X → C be a surjective morphism from a smooth projective surface X to a smooth projective curve C. Then
where F is a general fiber of f .
It is not hard to see that the η-invariant of a fiber is always nonnegative: η 0 (G) ≥ 0 obviously and η 1 (G) ≥ 0 by the following lemma.
Lemma 5.3. Let G ⊂ X be an effective divisor on a normal surface X. Suppose that X is Q-Gorenstein, G and G red are Cartier, G 2 = 0 and G is nef. The following holds:
• For a smooth surface Y and a proper birational map f : Y → X,
• η 1 (G) ≥ 0 if X is smooth.
Proof. First we show that (5.44) holds when K Y E ≥ 0 for all exceptional curves E of f , i.e., K Y is f -nef. Let us consider
By our hypotheses on G, F 2 ≤ 0 for all effective divisors F supported on f * G. Therefore, M 2 ≤ 0. And since K Y M ≥ 0, we conclude that
Next, we claim that (5.44) holds when both X and Y are smooth. It suffices to prove it for f : Y → X the blowup of X at a point. This is more or less obvious since M = mE in (5.46), where E is the exceptional divisor of f . This proves (5.44).
If
If X is smooth and K X E < 0 for some component E ⊂ G, then E is a (−1)-curve and it can be blown down via π : X → X ′ . Then η 1 (G) ≥ η 1 (G ′ ) by (5.44), where G ′ = π * G. By induction, we conclude that η 1 (G) ≥ 0 if X is smooth. Now back to (5.17), as a consequence of Proposition 5.2, we see that it holds provided that we can prove
By Theorem 4.8, we know that Y has a double point of type (4.44) at the vertex of each cubic cone S p . And by Lemma 5.3, all the local contributions to η(X p ) is nonnegative. Therefore, we can further reduce (5.48) to the following:
where U p is an open neighborhood of the vertex of S p in W and b p is the number defined in (5.26). Finally, we just have to prove (5.49), which implies (5.17) and hence our main theorem. So it comes down to the study of a double surface singularity of type (4.46). 5.7. Double Surface Singularities. Here we consider an isolated surface singularity of multiplicity 2. More explicitly, we consider
We also regard Y as a family of curves over ∆ t . The simplest way to resolve the singularity of Y is to consider it as a double cover over U = ∆ 2 xt ramified along the curve R = {g(x, t) = 0}, find a suitable embedded resolution ( U , R) of (U, R) and then construct the double cover of U ramified along R. Actually, the algorithm is very simple and straightforward: Find the "minimal" birational map u : U → U such that
• U and all components of u * R are smooth;
• if the components G 1 , G 2 , ..., G m of u * R meet at a point, all but at most one of G 1 , G 2 , ..., G m have even multiplicity in u * R.
A more terse way to put this is that u : U → U is the minimal birational map with U smooth such that the divisor
is smooth, i.e., a disjoint union of smooth components. Then we take Y to be the double cover U ramified along R. It is easy to check that Y is the minimal resolution of Y . We have the diagram
From this, we can figure out the discrepancies of ν : Y → Y . Since
we obtain
(5.54)
Clearly, the exceptional divisors of ν is contained in π * E for E ⊂ U the exceptional divisors of u.
If mult E (u * R) is odd, π is ramified along E and hence π * E = 2F for some F with discrepancy
If mult E (u * R) is even, π is unramified at a general point of E and each component F of π * E has discrepancy
Remark 5.4. As an example, let us see how a double point of the type y 2 = x 2 + t δ is resolved in this way. This is a canonical surface singularity whose resolution is well known. The following diagram shows how to resolve y 2 = x 2 + t 4 as a double cover:
xyt be an isolated surface singularity with g(x, t) ∈ C[[x, t]] satisfying (4.46) and let ν : Y → Y be the minimal resolution of Y . Then
where b is the rational number defined as in (5.26), i.e.,
Clearly, the above proposition implies (5.49) and thus finishes our proof.
Remark 5.6. For the canonical singularity Y = {y 2 = x 2 + t δ }, it is obvious that η( Y 0 ) = δ (see (5.57)). It is tempting to think that η( Y 0 ) should go up as the singularity gets "worse" and thus expect that η( Y 0 ) ≥ δ under the hypotheses of the proposition. However, this is simply false: consider Y = {y 2 = x 4 + t 4 }, which is resolved by the following diagram: , we further blow up U [1] at the point p 1 = {x/t = t = 0} to obtain U [2] . In this way, we obtain a sequence of blowups Next, let us give a lower bound for η( Y 0 ). Let q j = E j−1 ∩ E j for j = 1, 2, ..., m and let us consider Q j = π −1 m (q j ). Obviously, Q j contains at least one singularity of ( Y 0 ) red . Therefore, If dim Q j = 1, i.e., Q j contains components of Y 0 contracting to q j , it is not hard to see that Q j contains at least two distinct singularities of ( Y 0 ) red . Therefore, (5.69) η 0 ( Y 0 , Q j ) ≥ 2 if dim Q j = 1. In particular, (5.69) holds when c j−1 and c j are both odd. If c j−1 and c j are both even and dim Q j = 0, then Q j consists of exactly two points, both singularities of ( Y 0 ) red , and hence (5.69) holds again. In summary, we have g(t m w, t) = t cm h(w, t) = 0 in ∆ 2 wt , where R m = {h(w, t) = 0}. Since g(0, t) = t δ and g x (0, t) ≡ 0, h(0, t) = t δ−cm and h w (0, t) ≡ 0. And since R m is smooth at p m , we conclude that 
